INCREASING POWERS IN A DEGENERATE PARABOLIC 
LOGISTIC EQUATION 



JOSE FRANCISCO RODRIGUES AND HUGO TAVARES 

Abstract. The purpose of this paper is to study the asymptotic behavior of 
the positive solutions of the problem 

d t u — Au = au — b(x)u p in Q X R+, u(0) = no, "Mien = 

as p — > +00, where Q is a bounded domain and b(x) is a nonnegative function. 
We deduce that the limiting configuration solves a parabolic obstacle problem, 
and afterwards we fully describe its long time behavior. 



1. Introduction 

In this paper we are interested in the study of the parabolic problem 

!d t u — Au = au — b(x)u p in Q := Q x (0, +00) 
u = on <9ft x (0, +00) 

u(0) = uo in f2 

where a > 0, p > 1, b € L°°(f2) is a nonnegative function and 51 is a bounded 
domain with smooth boundary. Such system arises in population dynamics, where 
u denotes the population density of a given specie, subject to a logistic-type law. 

It is well known that under these assumptions and for very general 1/0's, (HJ 
admits a unique global positive solution u p = u p (x,t). In fact, in order to deduce 
the existence result, one can make the change of variables v = e~ at u, and deduce 
that 1; satisfies dtv — Av + b(x)e pat v p = 0. As v i-> b(x)e pat \v\ p ~ 1 v is monotone 
nondecrcasing, the theory of monotone operators (cf. |14[|16j ) immediately provides 
existence of solution for the problem in v, and hence also for (Q]). 

One of our main interests is the study of the solution u p as p — > +00. As we 
will see, in the limit we will obtain a parabolic obstacle problem, and afterwards 
we fully describe its asymptotic limit as t — > +00. 

This study is mainly inspired by the works of Dancer et al [H H], where 
the stationary version of ((TJ) is addressed. Let us describe in detail their results. 
Consider the elliptic problem 

(2) - Ait = ait - b{x)u p , u&H^{n) 

and, for each domain oj C M. N , denote by Xi(uj) the first eigenvalue of — A in Hq(lu). 
Assuming 6 £ C(f2), the study is divided in two cases: the so called nondegenerate 
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case (where min^^x) > 0) and the degenerate one (where := int{x G Q : 
b(x) = 0} 7^ and has smooth boundary). 

In the nondcgenerate case, it is standard to check (see for instance [H Lemma 
3.1 & Theorem 3.5]) that ([2]) has a positive solution if and only if a > Ai(fi). For 
each a > fixed, then in [5] it is shown that u p — > w in C 1 (f2) as p — > +oo, 

where w is the unique solution of the obstacle-type problem 

(3) - Aw = awx{ w <i}, w > 0, w\ d n = 0, IMIoo = 1- 

It is observed in [4] that u is also the unique positive solution of the variational 
inequality 



(4) mel: / Vw ■ V(v — w) dx ^ / aw(v — w)dx, Vu £ K, 

Jn Jn 

where 

K = {w G H^(n) : w < 1 a.e. in il}. 

In the degenerate case, on the other hand, problem ([2]) has a positive solution if 
and only if a G (Ai(fi), Ai(ilo)). For such a's, assuming that fio <s= ^, if we combine 
the results in 0[6], we see that u p — >• w in L q (Q,) for every q ^ 1, where now u> is 
the unique nontrivial nonnegative solution of 



(5) v G Ko : / Vw • V(v — w) dx ^ / aw(v — w)dx, V« € Ko, 
Jn Jn 

with 

Ko = {w G #o( fi ) : ^ < 1 a.e. in Q, \ tt }. 
The uniqueness result was the subject of the paper [B] . Therefore, whenever b(x) ^ 
0, the term b(x)u p strongly penalizes the points where u p > 1, forcing the limiting 
solution to be bellow the obstacle 1 at such points. 

Our first aim is to extend these conclusions for the parabolic case (jTJ) . While 
doing this, our concern was also to relax some of the assumptions considered in 
previous papers, namely the continuity of b as well as the condition of £Iq being in 
the interior of f2. In view of that, consider the following conditions for b: 

(bl) b G 

(b2) there exists Qq, an open domain with smooth boundary, such that 

b(x) = a.e. on fio, and 
V fi' <s= fi \ £7o open 3 b > such that b(x) ^ b a.e. in O'. 

Observe that in (b2) Ho = is allowed, and may intersect dil. Continuous 
functions with regular nodal sets or characteristic functions of open smooth domains 
are typical examples of functions satisfying (bl)-(b2). As for the initial data, we 
consider: 

(hi) u g H^(n) nL°°(n); 

(H2) ^ u ^ 1 a.e. in O \ fl - 

Our first main result is the following. 

Theorem 1.1. Assume that b satisfies (bl)-(b2) and uq satisfies (H1)-(H2). Then 
there exists a function u such that, givenT > 0, u G L°°(0, T; _ff L (r2))n_ff 1 (0, T; L 2 (fl)) 
and 

Up — > u strongly in L 2 (0, T; ifg(fi)); 
dtUp — 1 dtu weakly in L 2 (Qt)- 
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Moreover u is the unique solution of the following problem: 
for a.e. t > 0, u(t) 6 K : 

(6) / d t u(t)(v - u(t)) dx + / Vit(i) • V(v -u(t))dx ^ / au(t)(v - u(t)) dx 
Jn Jn Jn 

for every v £ Ko, twzi/i i/ie initial condition u(0) = Uo- 

Next we turn to the long time behavior of the solution of (|6]). 

Theorem 1.2. Suppose the b satisfies (bl)-(b2) and take uq verifying (H1)-(H2). 
Fix a 6 (Ax(O), Ai(fio))- Let u be the unique positive solution of (jSJ) and take w 
the unique nontrivial nonnegative solution of ([5]). Then ||w[|oo = 1 an d 

u(t) — > w strongly in Hq(D,) 7 as t — > +oo. 

Moreover if a < Ai(£l) then \\u(t)\\ H i^ — > ; and if a Ai(fio) then both ||u(£)||oo 
and \\v.(t)\\ H i(Q) go to +oo as t ^ +oo. 

We remark that in the case f^o = we se t Ai(Sl ) := +oo, and a ^ Ai(f2o) is an 
empty condition. The case a = Xi(fl) is the subject of Rcmark l4.5l 

Under some stronger regularity assumptions on b, uq and Oo ; it is known (cf. 
[8j Theorem 3.7] or Theorem 2.2]) that u p (t, x) converges to the unique positive 
solution of j2|) whenever a G (Ai (SI), Ai(f2o))- Hence in this situation, if we combine 
all this information together with the results obtained in this paper, then we can 
conclude that the following diagram commutes: 



u p (x,t) positive solution of 
dtu — Au = au — b{x)u p 



<G Hy(Vl) positive solution of 



p— 7- + OC 



u{x, t) solution of 



-Au 



b(x)uP 



u £ -ffg(fi) nontrivial 
nonnegative solution of \ 



The proof of Theorem 11.11 uses a different approach with respect to the works by 
Dancer et al.. While in [5] the authors use fine properties of functions in Sobolcv 
spaces, here we follow some of the ideas present in the works [HE], and show that 
a uniform bound on the quantity 

b{x)u p p +1 dxdt (for each T > 0), 

implies that u{t) E Ko for a.e. t > (see the key Lemma l2~4l ahead). As for the proof 
of Theorem 11.21 the most difficult part is to show that when a G (Ai(Sl), Ai(S7o)), 
u p (x, t) does not go to the trivial solution of The key point here is to construct 
a subsolution of (P) independent of p. It turns out that to do this one needs to get 
a more complete understanding of the nondcgenerate case, and to have a stronger 
convergence of u p to u as p — > +oo. So we dedicate a part of this paper to the 
study of this case. To state the results, let us start by defining for each < t\ < t^ 
and Q tl ,t 2 ■= ^ x (h,t 2 ) the spaces C^'° (Q tl M ) and W^' 1 {Q tlM )- For q ^ 1, the 
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space Wq' 1 (Qt 1 ,t 2 ) is the set of elements in L q (Q tl: t 2 ) with partial derivatives dtu, 
D x u, D x u in L q (Q tl .t 2 )- It is a Banach space equipped with the norm 

IM| 2 ,l;g,Q fl . (2 = IMU«(Q tllta ) + II D x u\\ L , (Q(i t2 ) + ||l£u||l,.(Q tlita ) + ||<9t«|U<»(Q tl , t2 )- 

For each a £ (0, 1), C*'°(Q t t ) is the space of Holder functions u in Q ti t with 
exponent a in the x-variable and a/2 in the i-variable, with D x u satisfying the 
same property. More precisely, defining the Holder semi-norm 

r 1 f |w(x, f) — lt(x', t')l / TT / r 1 / \ , / / Is 1 

Ma,Q tl , t2 := sup \ ^_^ a + u_J^ x ' x £ n > *>* G (*>*) + ( x >* )/ ' 

we have that 

^'"(Qii.tJ := { M : H u llci'°(Q tl , t2 ) := ll M lli°°(Q tl , t2 ) + ll- D z u IU°°(Qt 1 ,t a ) 

+ Ma,Q tl)t2 + [£> x u] aiQtl)ta < +00 1 . 

Recall that we have the following embedding for every ^ t\ < ti (see [T^J Lemmas 
II.3.3, n.3.4]): 

(7) W^(Q tut2 ) ^ Ci>°(Q tut2 ), VO < a < 1 - ^±£. 

y 1,2 q 

In the nondegenerate case, we have the following result. 

Theorem 1.3. Suppose that b satisfies (bl) and 

(b2') there exists bo > suc/i that b(x) oo / or a -e- £ G 0; 
and that Uq satisfies (HI) and ^ u a ^ 1 /or a.e. x 6 O. Then, in addition to the 
conclusions of Theorem ] 1. 11 we have that 

Up —y u strongly in C£'°(Q tlit2 ), weakly in W? (<9ti,{ 2 ) as p ^ +oc, 
for every a G (0, 1), q 1 and < ti < £ 2 - Moreover, u is the unique solution of 

(8) 3,u - Am = aux{ u< i} m Q, u(0) = it , ||it||oo < 1- 

In this case, as t — y +oo, we also obtain a convergence result for the coincidence 
sets {u(x, t) = 1}. 

Theorem 1.4. Suppose that b satisfies (bl)-(b2') and take uq satisfying (HI) and 
^ uq ^ 1 for a.e. x G Cl. Fix a > and let u be the unique solution of © 

and take w the unique solution of Then, as t — y +oo, 

u(t) -> w strongly in Hq(Q) f) H 2 (Vt), 

and 

(9) X{«=1}(*) -> X{w=i} strongly in L q (VL) Vq > 1. 

The structure of this paper is as follows: in Section [2] we prove Theorem ll.l[ 
while in Section [3] Theorem 11.31 is treated. Finally, in Section 2] we show use the 
strong convergence up to the boundary of fJ obtained in the latter theorem to prove 
Theorem 11.41 and afterwards we use it combined with a subsolution argument to 
prove Theorem 1 1.21 

We end this introduction by pointing out some other works concerning this type 
of asymptotic limit. The generalization of [5] for the p-Laplacian case was performed 
in [TT] . In [I] [5] , elliptic problems of type 

-Au + f(x,u)\f(x,u)\P=g(x) 
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are treated, while in the works by Grossi et al [10] , and Bonheure and Serra [3] , 
the authors dealt with the asymptotics study as p — > +oo of problems of type 

-Au + V(\x\)u = u p 

in a ball or annulus both with Neumann and Dirichlet boundary conditions. 

2. The general case: Proof of Theorem II. II 

To make the presentation more structured, we split our proof in several lem- 
mas. We start by showing a very simple comparison principle, which is an easy 
consequence of the monotonicity of the operator u i— > 

Lemma 2.1. Suppose that u is a solution of |T]) and take v a supersolution satis- 
fying 

dtv — Av ^ av — b(x)v p in Qt . , 

, , , v, withu ^v . 

v(0) = v , v(t)\ a n = 

Then u(x,t) ^ v(x,t) a.e.. On the other hand if v is a subsolution satisfying 

dtv — Av ^ av — b(x)v p in Qt .,, 
, n . , s, n with vq ^ u , 

then v(x,t) ^ u(x,t). 

Proof. The proof is quite standard, but we include it here only for the sake of 
completeness. In the case where v is a supersolution, we have 

dt(u — v) — A(u — v) + b(x)(u p — v p ) ^ a(u — v). 

Multiplying this by (u(t) — v(t)) + , we obtain 



ld_ 

Ydt 



As b(x)(u p — v p )(u — v) + ^ 0, we have 
d 



[(u(t) - v{t)) + Y dx + / |V(u(t) -v{t))+\ 2 dx 



+ / b(x)(u p {t) - v p (t))(u(t) ~ v{t))+dx ^ a / \{u{t) - v{t))+Y dx 



, [(u(t) - v(t))+] 2 dx < 2a I [(u(t) - v(t))+} 2 dx 
whence 

/ [(u(f) - v(t))+] 2 dx ^ e 2at f [(u - v ) + } 2 dx = 0. 
Jn Jn 
The proof of the result for the subsolution case is analogous. □ 

Next we show some uniform bounds in p. 

Lemma 2.2. Given T > there exists M = M(T) > such that \\u p \\ (q t ) ^ M 
for all p > 1 . 

Proof. Take ip ^ the unique solution of 

dtip — Atp = aip in Qt 



ip{0) = u o , u(t)\ dn = 
Then 

d t 4> - Aip - aip + b(x)tp p > d t ip - Atp - aip = 0, 



(i 
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hence ip is a supersolution and from Lemma 12.11 we have that ^ u p ^ tp. In 
particular, 

KlU-GhO < IMU-(Qt) < +00, (as u 6 L°°(f7)), 
which proves the result. □ 

Lemma 2.3. Given T > 0, i/ie sequence {u p } p is bounded in if^O,! 1 ; L 2 (^)) n 
L°°(0,T;^(n)). 27ms *ftere eas'sts u G H^O^T; L 2 (il)) n L°°(0, T; H^(f2)) swc/i 
*/iat 

Up — > u strongly in L 2 (Qt) 1 weakly in L 2 (0,T; H (Q)), 
dtu p — 1 <9 t u weakly in L 2 (Qt). 
Moreover, the exists C = C(T) > smc/i i/iai 

(10) / / &(xK +1 dxcft < C, Vp > 1. 



Proof. Multiplying equation ([I} by u p and integrating in Q, 

™ [ u 2 p (t)dx+ f \Vu p (t)\ 2 dx = a f u 2 p (t)dx~ f b(x)uP p +1 (t)dx; 



2d*., 

integrating now between and * 



u 2 p (t)dx + / ||Vii p (f)||!d£+ // &(x)uP +1 dxd* 



1 r 2 . /■/■„,...!, 



< - / uidx + a I/ u z p dxdt ^ -\\u \\$ + at\n\(M(t)Y 



Q 

and hence 

VT > 0, {u p }p is bounded in L 2 (Q T ), and ^TDJ) holds. 

Now using 9tM p as test function (u p = on dfl for all t > 0, thus dtu p (t) E Hq(CI) 
for a.e. * > 0) gives 

and again after an integration 

Wv.JtW 2 d.x + - I v 2 d.x + I h(x)- 

p+1 



{dtupf dxdt + ^ / \Vu p (t)\*dx + ^ I u 2 a dx+ I b(x) Up ^ dx 



= \ f \Vu \ 2 dx+[ b{x)<—dx+^- f ul { t)dx<h\Vu \\i+ b -^ +^M 2 \Q\, 
2 Jn Jn p+1 2 J n p 2 p + 1 2 

where we have used the fact that ^ uq ^ 1 whenever b(x) 7^ 0, together with the 
previous lemma. 

□ 

The proofs of the following two results are inspired by similar computations made 
in Q][2]. 

Lemma 2.4. We have u(t) G Kq for a.e. t > 0. 
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Proof. Let fi' <e O \ f2o and take := 0' x (0,T). Given m > 1, we will show 
that |{(x, f) G : m > m}| = 0. Denote by b the infimum of b(x) over f2', which 
is positive by (b2). Recalling ([TO]) , we deduce the existence of C > such that 

< [[ bupdxdt ^ — II b( x ) u p +1 dxdt 

JJ{u p >m}nQ' T mP J J {u p >m}nQ' T 

hence, as m > 1 and b > 0, 

lim / / Up dxdt = 0. 

p^+°° J J { Up > m }nQ' T 

Now observe that 
= lim / / Un dxdt 



p— > + oo 



{u p >m}nQ' T 
T 



lim / / u p X{ Up>m }X{u> m } dxdt + / / u P X{ Up>m }X{u^ m } dxdt 

p-> + oo \J Q J n , J Q J n , 



^ lim / / UpX{ Up >rn}X{u> m } dxdt 
p^+^Jo Jn> ' 



As 

u pX{u p >m}X{u>m} ~^ u X{u>m} a - c - ancl \upX{u p >m}X{u>m}\ ^ L on Qy, then 
by the Lebesgue's dominated convergence Theorem we have 

lim / / UpX{ Up > m }X{u>m.} dxdt = I / ux{ u >m} dxdt 
p^+°°Jo Jn' Jo Jn' 

^ m\{(t, x) e Q' T : u(t, x) > m}\ > 
and hence \{(x, t) € Q' T : u(x,t) > m}| = whenever m > 1. □ 

Lemma 2.5. Le£ u be the limit provided by Lemma \2.S\ Then, up to a subsequence, 

Up — > u strongly in L 2 (0, T; TJq (SI)). 
Proof. Multiplying equation ([1} by u p — u and integrating in Qt, 

dtUp(u p — u) dxdt + // Vm p • V(itp — it) cfa;<ii + // b(x)u^(u p — u) dxdt 

Qt JJQt JJQt 



aup(u p — u) dxdt 

which, after adding and subtracting JJq t Vu • V(u p — u) dxdt, is equivalent to 

dtu p (v — Up) dxdt + // \\7 (u p — u)\ 2 dxdt + // \7u ■ \7(u p — u) dxdt 
JJQt J J q t 

+ b(x)up'(up — u)dxdt= // aup{u p — u) dxdt. 



By the convergences shown in Lemma 12.31 we have that the terms JJq t dtu p (u p — 
u) dxdt, J Jq t Vii-V(u p — u) dxdt and / Jq t au p (u p —u) dxdt tend to zero as p — > +oc. 
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Finally, observe that 

b(x)u p (u p — u) dxdt 



Qt 



{u<u p } 



b(x)u p (u p — u) dxdt 



b(x)Up(u p — u) dxdt 



b(x)uP(u p — u) dxdt. 



As a < 1 a.e. in Q' T = (0, T) x fi \ Sl (cf. Lemma we have 



b(x)u p (u p — u) dxdt 



b(x)u p \u p — u\ dxdt 



^ I ^>oo\up — u\ dxdt — > 0, 



whence liminf JJ„ b{x)u p {u p — u) dxdt 0. Thus 



|V(u p — u)| 2 dxdt — >• as p — > +oo, 



and the result follows. 



□ 



Proof of Theorem ] 1. The convergences of u p to it are a consequence of Lemmas 
2.31 and 12.51 Let us then prove first of all that 



(12) 



Qt 



dtu(v — u) dxdt + Vu ■ V(u — u) dxdt ^ au(v — u) dxdt 



for every v G K , where K := {v G L 2 (0, T; Hq(Q)) : v(t) G K for a.e. i G (0,T)}. 
Fix velo and take < 9 < 1 . Multiplying (JTJ by 0i; — w P and integrating we have 



Qr 



dtUp{9v—Up) dxdt+ 1 1 \7up-V(8v—Up) dxdt+ 1 1 b{x)u P t (6v—u v ) dxdt 

J J Qt JJQt 

= 11 av,p(0v — Up) dxdt. 

J JQt 

By Lemmas 12.31 and 12.51 we have that 



dtUp{9v — Up) dxdt 



d t u(9v — u) dxdt, 



Vup ■ \7(9v - Up) dxdt ->• / / Vu • V(9v - u) dxdt, 

J JQt 

u p (9v — Up) dxdt u(9v — u) dxdt. 



Qi 

As for the remaining term, as b(x) = a.e. in il and v ^ 1 a.e in f2 \ f2 x (0j 
we have 



b(x)u p (9v — Up) dxdt 



{8v<u p } 



{O<u p <0i>} 

b(x)Up(6v — Up) dxdt ^ 



b(x)u 1 p{9v — Up) dxdt 

b(x)9 p \9v~u p \dxdt^0 



Q't 
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as p — > +00, because 9 < 1. Thus 

dtu{9v ~ u) dxdt + Vu • W(6v — u) dxdt ^11 au(6v — u) dxdt 



and now we just have to make 6 — > 1. 

2. Given v G K and £ G (0, T), ft > 0, take 



S(f) 



(t) ift^K,e+h]. 



Then u G Ko and from (|T2j) we have that 

/ d t u(v — w) cfadi + / / Vw ■ V(i> — u) dxdt / / aw(v — u) dxdt. 
A2 j£ Jn j£ Jn 

Multiplying this inequality by 1/h and making h — > we get (|6]), as wanted. 

3. Finally, it is easy to show that problem ([6]) has a unique solution. In fact, 
taking u\ and u 2 solutions of (j6]) with same initial data, we have 

d t (ui(t) - u 2 (t))(u 2 (t) - Ul (t)) + V(m(t) - ua(t)) • V(«a(<) - ui(t))) <2z 

> / o(iti(i) — «2(*))("2(*) — dx, 
Jn 

which is equivalent to 
H I (ui(t) - u 2 (t)) 2 dx + [ \V( Ul (t)-u 2 (t))\ 2 dx ^ [ a( Ul (t) - u 2 (t)) 2 dx. 



2dt _ 

The fact that U\ , u 2 have the same initial data now implies that 

(ui(t) - u 2 {t)) 2 {t)dx ^ e 2at / (u -U )dx = 0. 
Hence u p u for the whole sequence {w p } P , not only for a subsequence. □ 

3. The non degenerate case: Proof of Theorem 11.31 

As stated, the results of the previous section are true even in the case where 
Oo = 0- Let us check that in the non degenerate case (b2') we have a stronger 
convergence as well as a more detailed characterization for the limit u (cf. (jSJ)). 
This is mainly due to the following powerful estimate. 

Lemma 3.1. There exists a constant M > (independent ofp) such that ||Wp||^o(Q) ^ 
M for allp> 1. 

Proof. Let bo = infn b > and take M p > such that aM p — boM? = 0. Observe 
that as - b s p ^ for s ^ M p . Take N p := max{l,M p }. Multiplying (JTJ by 
(u p (i) — N p ) + (recall that u p = on dil, whence (u p — N p ) + = on the boundary 
as well), we obtain 

ld_ 

Ydt 

^ / (au p — bou^)(u p — N p ) + dx = I (au p — boU p )(u p — N p ) dx ^ 0. 

Jn J{u p ^n p } 



{{u p ~N p ) + Y dx+ / \V{u p -N p ) + \ 2 dx = I (au p -b{x)u p p ){u p ~ N p ) + dx 
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Thus 

j f ((u p - N p )+) 2 < 0, and f ((u p (t) - N p )+) 2 dx < / ((u - N p )+) 2 dx, 

which is zero because iV p 1. Then ^ a;) ^ max{l, M p } and the result now 
follows from the fact that M p = (a/b a ) 1 ^ p ^ 1 \ □ 

Lemma 3.2. For each t% > t\ > 0, q > 1 and a G (0, 1), t/ie sequence {u p } p is 
bounded in W£' (Qt lt t a ) an d in C\ ' (Qt u t a )- TTius 

m p — it, weakly in W 2 ' 1 (Qt ll t 2 ), Mp — » u strongly in C a ' (Q tl tl ), Ma G (0, 1). 



Proof. From Lemma I3TT1 we get that 

IHpIU~(Q) < C'M 1 /^" 1 ) sC C", and < < C", 

hence 

||5 t u p - Aup|| L oc ( Q) C Vp > 1 
which, together with pH IV. Theorems 9.1 & 10.1] (see also [H Theorem 7.22 & 
7.32]), implies that for every q > 1, the sequence {u p } p is bounded in W^' 1 ^^^) 
independently of p. Thus we can use the embedding (J7J to show that {wp} p is 
bounded in C^°(Q tl u ). As the embedding <-} C a ', is compact for all a > a', 
we have the conclusion. 

Observe that by Theorem 11.11 the whole sequence u p already converges to u in 
some spaces, and hence the convergence obtained in this lemma is also for the whole 
sequence, not only for a subsequence. □ 

Remark 3.3. It was important to assume fl smooth (say dfl of class C 2 ) to 
get regularity up to dfl. This will be of crucial importance in the next section. 
Without such regularity assumption, we would obtain convergence in each set of 
type Q,' x (ti,t 2 ) with W <e ft, < t\ < t 2 . 

Now, in view of Theorem 11.31 we want to prove that in this case u solves ©. 
By Lemma [3.11 we know that ||Mp _1 ||l°°(q) ^ M for all p > 1. This implies the 
existence of i/j ^ such that, for every T > 0, 

"p™ 1 i 3 weak-* in L°°(Q T ), weak in L 2 (Q T ). 

Thus when we make p — > +oo in (TTJ we obtain that the limit u satisfies 

dtu — Au = (a — rp)u. 

Moreover, ||wp||oo ^ A/p^ 1 — > 1 as p — > oo, which implies, together with Lemma 
13.21 that ^ u ^ 1. The proof of Theorem 11.31 will be complete after the following 
lemmas. 

Lemma 3.4. ip = a.e. in the set {(t,x) G Q : u(x,t) < 1}. In particular, this 
implies that 

dtu — Au = au\{u<i} a -e- (x,t)€Q. 

Proof. Take (x, t) such that u(x, t) < 1. As u p — > u in C^'° we can take 5 > such 
that u p ^ 1 — 8 for large p. Then ^ u^ 1 ^ (1 — <5) p_1 — > as p — > +oo, whence 
ip(x,t) = 0. Thus V = a.e. on {(x,t) : u(t,x) < 1}. 

Finally, as u G W 2 ' 1 for every o ^ 1, we have d t u — Au = a.e. on {(x,t) : 
u(x,t) = 1} and the proof is complete. □ 
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Lemma 3.5. Let w be a solution of (JSj) . Then w solves (j6|). 
Proof. Multiply equation ((HJ by v — w with vel. Then we have 



dtw(v — w) dx + / Vw ■ \7(v ~ w) dx ~ a / wx{ w <i}{ v ~ w ) dx 
Jn Jn 

= a / w(v — w)dx — a I (v — 1) dx ^ a / w(v — w) dx, 
Jn Jn Jn 

since v ^ 1 in fl. □ 

Proof of Theorem \1.3[ The convergences u p —¥ u strongly in C^°(Q ti ta ) and weakly 
in ' 1 (Qti,t 2 ) f° r every T > are a consequence of Lemma l3.2l By Lemma I3~4l u 
satisfies l[5]). Finally Lemma 13.51 and the uniqueness show for (jSJ) imply the unique- 
ness of solution of ([SJ . □ 

4. Asymptotic behavior as f — s> oo. Proof of Theorem 11.41 

In this section we will study the asymptotic behavior of (HJ) as t — > +oo. First 
we need to understand what happens in the nondegenerate case (b2'), and prove 
Theorem 11.41 for that, as we will see, the convergence up to the boundary proved 
in Lemma 13.21 will be crucial. Only afterwards will we be able to prove Theorem 

4.1. Proof of Theorem 11.41 We start by showing that the time derivative of u 
vanishes as t — > +oo. 

Proposition 4.1. \\dtu(t) \\L 2 (n) ~~ as t — >• +oo. 

In order to prove this proposition, we will show that \\du p (t)||i2(n) — > as 
t — > +oo, uniformly in p > 1. To do so, we will use the following result from |16[ 
Lemma 6.2.1]. 

Lemma 4.2. Suppose that y(t), h(t) are nonnegative continuous functions defined 
on [0, oo) and satisfy the following conditions: 

/>oo />oo 

(13) y'{t) < A lV 2 + A 2 + h(t), / y(t)dt^A 3 , / h(t)dt^A 4 , 



for some constants Ai, A%, A3, A4 > 0. Then 



lim y(t)=Q. 

Moreover, this convergence is uniform for all y satisfying (|13j) with the same con- 
stants A 1 ,A 2 ,A 3 , A A .tf 



With this in mind, we have: 
Lemma 4.3. Let u p be the solution of ([1]) and a > 0. Then 

\\dtu p (t)\\2 — > as t — >• +00, uniformly in p > 1. 



^This uniformity is not stated in the original lemma, but a close look at the proof allows us to 
easily obtain that conclusion. 
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Proof. Let us check that y(t) := ||<9tit p (£)||2 satisfies the assumptions of Lemma l4~2l 
First of all, (fTTj) implies that 

J™ \\d t u p (t)\\i dx ^ iiv^oin + ^ + \m 2 m 

(recall that in the nondegenerate case ||%i||L°°(nxR+) is bounded uniformly in p, by 
Lemma [37X1 Differentiate equation ([T]) with respect to t: 

d 2 u p - Ad t u p +pu p p ~ 1 d t u p = ad t u p , 

and multiply it by dtu p and integrate in Q, at each time t. We obtain 

™ I {d t up{t)f dx+ [ \V{dtu p {t))\ 2 dx + p f vP- x {t){d t u p {t)fdx 
1 dt Jn Jn Jn 

= a J^d t up{t)f dx ^ | (d t up{t)) 2 dxj + |. 

Thus 

-j-\\d t u p (t)\\l ^ a\\d t Up\\i + a. 

So we can apply the previous lemma with A\ = a, A 2 = a, A3 = HVitoHl + ^ + 
§M 2 |ft|, and h(t) = 0, A 4 = 0. □ 



Proof of Proposition ^ ■ 1] From the previous lemma we know that, given e > 0, 
there exists i, po such that 

\\d t up{t)\\l < e, Vt^*, Vp>p . 

Thus for every i ^ t\ < t 2 , 

||fttip(t)||5dt<e(t 2 -ti) Vt>t, Vp>p - 



As 9tM p — 1 <9tit weakly in L 2 (Qt) for every T > (cf. Theorem ll.ip . then taking 
the liminf as p — >• +00, we get 

/ dt ^ e(i 2 -ti), and hence ||0 t u(i)||§ < e, Vt ^ f, 

which gives the statement. 

□ 

Proof of Theorem \1.4\ Fix a > Ai(f2). By taking v = in ([S]) we obtain 
|Vw(i)| 2 cfe^ / (-d t u(t)u(t) + au 2 ) dx, 



which implies that ||u(i)|| ff i( ) is bounded for t > 0. Therefore, up to a subse- 
quence, we have u(t) — v u in (SI) as £ — >■ +00. Given a subsequence t n —> +00 
such that u(t n ) — u, we know that 



d t u(t n )(v - u(t n )) dx + / Vit(t n ) • V(u - u(t n )) dx > a / u(i„)(u - u(t n )) dx, 
Jn Jn 

for all v € K which, together with Proposition ^. 11 implies that, as p — > +00, 
Vu ■ V(w — u) dx ^ / afi(u — u) dx Vv G K 
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or, equivalently, 

-Au = aux{u<i}- 

(here we are using the equivalence between these two problems which was shown in 
[4] and was stated in the Introduction). Since ||u||oo ^ 1 an d a > Ai(Q), in order 
to prove that u = w (the unique nontrivial solution of ([3])) the only thing left to 
prove is that u ^ 0. 

2. Let us then check that, for a > Ax, u ^ 0. Fix any i > 0. By the maximum 
principle we have that u(t, x) > in and d„u(t, x) < on d£l. By the convergence 
in C^-spaces up to the boundary of O (cf. Theorem [T3J) we have that, for p ^ p, 
u p (i, x) > in and d u u p (t, x) < on dVl. Let ipi be the first eigenfunction of the 
Laplacian in Hq(Q) with ipi > and 1 1 y x 1 1 oo = 

1. Then 

(14) ctpi ^ u p (i,x) \fx G fl, yp ^ p 

for sufficiently small c (independent of p). Observe moreover that dt{cLp\)— A(c(p\) ^ 
a(cipi) — b(x)(cipi) p if and only if 

(15) b{x)c p - Vr 1 < (o - Ai). 

Take c > such that (fT4| and (fT5| hold. Then c<^i is a subsolution of (fTJ) for 
sufficiently small c, for each p ^ p. Then by Lcmma l2.1l we have that u p (t, x) ^ ctpi 
for every t ^ i and p ^ p, and hence as p — >■ oo also u(t,x) ^ c</?i(a;) for every 
i £ O, i ^ £ Thus u ^ and u = w, the unique solution of (|3]). From the 
uniqueness wc deduce in particular that u(t) — iu in i?Q(f2) as t — » oo, not only for 
some subsequence. As for the strong convergence, this is now easy to show since 
by taking the difference 

d t u - A{u{t) -w) = au{t)x{ u <i} ~ awx{ w <i} 
and multiplying it by u{t) — w, we get 

/ |V(w(i)-w)| 2 = - / d t u(t)(u(t)-w) + (au(t)x{ u <i}-awx{w<i}){u{t)-w) -> 
Jn Jn 

as t — > oo (recall that both u(t) and w are less than or equal to 1). Thus u(t) — > w 
strongly in 

3. The convergence of the coincidence sets follows as in [T3]. As ^ X{u=i}(A) ^ 
1, then there exists a function ^ x* ^ 1 such that, up to a subsequence, 

X{u=i}{t) ^ X* weak-* in L°°(Cl), as t — > +oc. 

Since X{m=i}(1~ u ) = a.e, then also x*(l — w) = a.e. and hence x* = whenever 
w < 1. Moreover, from the fact that dtu — Au = au(l — X{u=i}) a -C in Q wc deduce 
that —Aw = aw(l— x*). As Aw = a.e. on {w = 1} (in fact, u & W 2 ' q ($l) for every 
q 1), we conclude that x* = 1 on {w = 1}, whence x* = X{w=i}- Since in general 
L°°(Q) weak-* convergence of characteristic functions imply strong convergence in 
L q (VL) for every q ^ 1, we have proved ©. As a consequence, actually u(t) — > w in 
iJ 2 -norm. 

4. For a < Ai(fi), the function attracts all the solutions of © with nonnegative 
initial data; in fact, by taking v = in ([5]) we obtain 

/ \Vu(t)\ 2 dx < a / u(t) 2 dx- / d t u(t)u(t) dx ^ ° / |Vu(t)| 2 cfe + o(l) 
as t — s> +oo, and thus ||it(i) ||_fri(n) — * 0- 

□ 
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4.2. Proof of Theorem 11.21 Fix a G (Ai(Q), Ai(fio))- In this case we have a 
stronger result than Lemma having a uniform L°° bound in Q = SI x R + . 

Lemma 4.4. ForaG (Ai(Sl), Ai(Slo)), there exists C > such that ||m||l°°(r+xsi) *S 
C for all p> 1 . 

Proof. Here we follow the line of the proof of Claim 1 in [SI p. 224] , to which we 
refer for more details. Define SI5 = {x G : dist(a;, 0) < 8}. Since a < Ai(Slo), 
there exists a small 6 such that a < \i(Q$) (by continuity of the map SI i-> Ai(fi)). 
Denoting by <fis the first eigenfunction of —A in Hq(CIs) and ip any extension of 
0|n 5/2 to SI such that mm-^tp > 0, there exists Q > large enough such that 

-A(QV) -aQijj + b{x){Qil)) > in Q, 

and uo ^ QV' m ^- Thus is a supersolution of ([1]) for all p > 1 and by Lemma 
12.11 we have 

Up ^Qi' ^ M for all (t, x) G Q. 

□ 

Proof of Theorem M.SX 1. Fix a G (Ai (SI), Ai(Slo)). Having proved Lemma T4.4[ we 
can repeat the proof of Proposition 14.11 word by word and show that 

\\d t u(t) ||i,2(n) -> as t -> +oo. 
By making w = in ([6]), we obtain once again by Lemma 14.41 that ||u(t)||jji(Q) 
is bounded for t > 0. Take t n — > +oo such that u(t n ) — u in i?o(Sl) for some 
u G Fo(0). Then u G K and 

(16) / Vu ■ V(v — u) dx ^ a / u(v — u)dx, Vu g Ko. 

Jo Jo 

In [4], Dancer and Du have shown that (|16|) has a unique nontrivial nonnegative 

solution w. In order to prove that u = w and conclude the proof for this case, we 

just have to show that u ^ 0. This will be a consequence of Theorem ll.4l In fact, 

considering <j) p as the solution of 

f d t cj)p - A(j) p = a(j> p - ||&]|oo0£ in Q T 
\ u(0) = v , u(t)\ dn = 0, 

with vq := inf{u , 1}, it is straightforward to see that cf) p is a subsolution of |T|), 
and 

Up ^ <fip ^ w asp-> +oo, 

where w ^ is the unique nontrivial solution of (|3|). This last statement is a 
consequence of Theorem ll.4[ as ^ Vq ^ 1 a.e. in SI. Thus u ^ w ^ 0, which 
concludes the proof in this case. 

2. If a < Ai (SI), the same reasoning as in the proof of Theorem 11.41 yields that 
IK*) llfl<5(n) °- As for the casc a > Ai(Slo), if cither ||«(*)||oo or ||w(i)|| 
were bounded, it is clear from the proof of Proposition 14. II that ||9tu(f)||^2(f2) — > 0. 
Repeating the reasoning of the previous step, we would obtain a nontrivial solution 
of © for a ^ Ai(Oo)j contradicting [H Theorem 1.1]. □ 

Remark 4.5. As for the case a — Ai (SI), observe that apt is always a steady 
state solution of ((HJ) for all < c < 1, where <p\ denotes the first eigenfunction of 
(— A,Hq(£1)) with Hvillco = 1- Hence the long time limit of (j6|) in this case will 
depend on the initial condition uq, and we are only able to conclude that given 
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t„ — > +00 there exists a subsequence {in fc } such that u(t nk ) converges to api for 
some c > 0. 
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